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Abstract
In a previous work, we analyzed collapsing axion stars using the low-energy instanton
potential, showing that the total energy is always bounded and that collapsing axion stars do
not form black holes. In this paper, we provide a proof that the conclusions are unchanged
when using instead the more general chiral potential for QCD axions.
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1 Introduction
Axion stars [1, 2, 3, 4, 5], bound states of condensed axion particles [6, 7, 8, 9, 10, 11, 12, 13],
have recently received increased interest in the literature [14, 15, 16]. Such states can have
important effects in the context of cosmology and astrophysics, as well as fundamental particle
physics [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. QCD axions, which are connected with the
strong nuclear force, were originally proposed to solve the Strong CP problem; such theories
have a well-defined parameter space with a single free parameter, the axion mass. The masses of
dilute QCD axion stars have an upper bound such that they are much lighter than an ordinary
star [5, 14, 15], though alternative axion theories can exceed this bound.
The possibility of a dense state for axion stars was first developed in [16]. If they exist, dense
states can lead to novel astrophysical consequences, including new sources of photon emission
through, e.g., accretion of hydrogen into dense configurations [28]. The existence of these states
depends on both attractive and repulsive interaction terms present in the axion potential. The
well-studied dilute state, which is a metastable minimum of the energy, exists only for particle
number N < Nc, a critical value. However, at any particle number N in the condensate, the
global minimum of the energy is at a radius many orders of magnitude smaller than that of the
dilute state (though still larger than the corresponding Schwarzschild radius).
Lately, a significant amount of work has been done analyzing the stability properties of
dilute axion stars, both in the context of gravitational collapse and decay through relativistic
axion emission [29, 30, 31, 32, 33, 34, 35]. In a previous work [32], we analyzed the collapse
of an axion star using a variational method for finding energetically stable bound states. This
analysis built on the formalism of [31] (itself built on the previous work of [5, 36, 37]), who
argued that boson stars with attractive self-interactions collapse to black holes. Our work [32],
which included both attractive and repulsive terms in the interaction potential for the axion
field A [38, 39],1
VI(A) = m2 f2
[
1− cos
(A
f
)]
, (1)
concluded that axion stars do not collapse to form black holes. This was due to the existence
of a dense state which is larger than the corresponding Schwarzschild radius. Further, number
changing interactions inside the axion star [30, 35] may cause the collapsing axion star to emit
a significant fraction of its energy in the form of relativistic free axions [32, 33, 34].
Our analysis in [32] made use of a common approximate form of the axion potential, some-
times called the “instanton potential”, eq. (1) [38, 39]. It is known, however, that the system
is more precisely described by the so-called “chiral potential” [39, 40]
VC(A) = m2 f2 1 + z
z
[
1 + z −
√
1 + z2 + 2 z cos
(A
f
)]
. (2)
The latter form takes into account the effect of nonzero light quark masses through the parame-
ter z = mu/md, where mu (md) is the mass of the up (down) quark. Note that limz→0 VC = VI .
1m and f are the mass and decay constant, respectively, of the underlying axion field theory. For QCD axions,
typical values are m = 10−5 eV and f = 6× 1011 GeV.
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While VI is more tractable and lends itself more easily to an analytic expansion, it is possible
that our conclusions (the boundedness of the energy, the existence of a dense global energy
minimum) would have been different if we had used the more precise form VC . We thus revisit
the analysis with the improved potential here.
There is a second potentially limiting assumption in the analysis of [32]. We used a vari-
ational method to minimize the energy, which gives good agreement with other, more precise
analyses [4, 14, 16, 41] in analyzing bound states of axion stars. This method requires the
input of some ansatz for the wavefunction ψ of the axion star, defined by the non-relativistic
expansion [15, 42]
A(r) = 1√
2m
[
e−im t ψ(r) + eim t ψ∗(r)
]
. (3)
In that work, we analyzed in detail a Gaussian ansatz,
ψ(r) =
√
N
pi3/4σ3/2
e−r
2/2σ2 , (4)
and also presented the analogous result for a cos2 ansatz,
ψ(r) =


√
4pi N
(2pi2 − 15)R3 cos
2
( pi r
2R
)
, r ≤ R
0, r > R
(5)
We presented both to provide evidence that our results were not an artifact of some particular
choice of ansatz. Indeed, these two general classes, those functions which extend to +∞ but
decrease monotonically (as does the Gaussian) and those which have compact support (as does
cos2), are those well-behaved enough to be considered reasonable choices for a ground-state axion
star wavefunction. Nonetheless, it could be asked whether anything changes upon assuming only
a general, well-behaved ansatz in one of these two classes. We thus revisit this question here as
well.
This paper is organized as follows. We review the variational method in Section 2, and use
it to expand the chiral potential in a tractable form in Section 3. We examine the boundedness
of the energy in Section 4, and conclude in Section 5.
2 Review of the Variational Method
The total axion star energy, in the non-relativistic and weak-binding limits, can be written as
[32]
E =
∫
d3r
[ |∇ψ|2
2m
+W (ψ) +
1
2
Vgrav |ψ|2
]
(6)
where W (ψ) represents the effective axion self-interaction potential (in this case, either the
non-relativistic limit of eq. (1) or eq. (2)), and
Vgrav(|ψ|2) = −Gm2
∫
ψ∗(x′)ψ(x′)
|x′ − x| d
3x′.
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The wavefunction ψ in the variational method is approximated by some tractable ansatz. Typ-
ically the wavefunction will be monotonically decreasing, and can either extend to +∞ or have
compact support on a finite radius R.
We will use the generic scaling of macroscopic parameters derived in [14]
R =
1
m
ρ√
δ
N =
f2
m2
n√
δ
, (7)
where δ ≡ f2/M2P ≈ 10−14 for QCD parameters, and the Planck mass is MP = 1.22 × 1019
GeV. Then a generic ansatz can be written as
ψ(r) =
√
mf ζ F
( r
R
)
≡ √mf ζ F (ξ), (8)
which, without loss of generality, can be chosen such that F (0) = 1. The dimensionless normal-
ization constant ζ is fixed by the requirement that
∫
ψ∗ψ d3r = N ; that is,
ζ =
√
δ n
C2 ρ3
(9)
Then the total energy can be written as
E(ρ)
mN
= δ
(
D2
2C2
1
ρ2
− B4
2C22
n
ρ
− n
ρ3
v
)
, (10)
where
v = 4pi
ρ6
n2 δ2
∫
dξ ξ2
W (ψ)
m2 f2
(11)
is a rescaled self-interaction energy, and where we defined the functions
B4 = (4pi)
2
∫
dξ ξ F (ξ)2
∫ ξ
0
dη η2 F (η)2 (12)
Ck = 4pi
∫
dξ ξ2 F (ξ)k (13)
D2 = 4pi
∫
dξ ξ2 F ′(ξ)2. (14)
For a given ansatz, the functions B4, Ck, and D2 are numerical constants.
2.1 The Instanton Potential
In [32], we used the instanton potential of eq. (1) to investigate the bound states in the axion
star energy. In that case the rescaled functional v was calculated in closed form, both as an
integral and also as an infinite series:
vI = 4pi
ρ6
n2 δ2
∫
dξ ξ2
[
1− J0
(√
2 ζ F (ξ)
)
− ζ
2
2
F (ξ)2
]
(15)
=
∞∑
k=0
(
− 1
2C2
)k+2(n δ
ρ3
)k C2 k+4
[(k + 2)!]2
. (16)
We used these simplified expressions to show that the total axion star energy was always
bounded from below, and that the global minimum of the energy in eq. (10) was at a ra-
dius much larger than the corresponding Schwarzschild radius.
A similar analysis, using the chiral potential of eq. (2), is somewhat more challenging.
However, making use of some convenient analytic properties of the self-interaction energy makes
the problem tractable. We present such an analysis in the next section.
3 The Chiral Potential
The potential we wish to consider has the form [39, 40]
VC(A)
m2 f2
≡ V = 1 + z
z
[
1 + z −
√
1 + z2 + 2 z cos
(A
f
)]
. (17)
Using the particle data group values of
mu = 2.15 ± 0.15 MeV
md = 4.70 ± 0.20 MeV
we find that
z =
mu
md
≃ 0.457. (18)
To recover the form of the instanton potential in eq. (1), one merely needs to take the z → 0
limit, which gives V = 1− cos(A / f).
We will follow the procedure of [14] and write A = A+ + A−, where A+ (A−) creates
(annihilates) one axion in the ground state wavefunction. Expanding eq. (17) in a power series
of the cosine, we have
V = 1 + z
z

1 + z −√1 + z2 ∞∑
j=0
(1
2
j
)(
2 z
1 + z2
)j [
cos
(A+ +A−
f
)]j
.

 (19)
Now noting that in leading order of N , A+ and A− commute,
cos
(A+ +A−
f
)
=
1
2
(
eiA
+/feiA
−/f + e−iA
+/fe−iA
−/f
)
. (20)
Expand the jth power of the cosine,
[
cos
(A+ +A−
f
)]j
=
1
2j
j∑
k=0
(
j
k
)
ei (j−2 k)A
+/fei (j−2 k)A
−/f
→ 1
2j
j∑
k=0
(
j
k
) ∞∑
m=0
(j − 2 k)2m(−1)m 1
(m!)2
(A+A−
f2
)m
=
1
2j
j∑
k=0
(
j
k
)
J0
[
(j − 2 k)
(
2
√
A+A−
f
)]
. (21)
where in the second step, we expanded the exponentials and kept only those terms with equal
numbers of A+ and A−. Inserting this expression into eq. (19) gives the self-interaction energy
density as follows:
V = 1 + z
z

1 + z −
√
1 + z2
∞∑
j=0
(1
2
j
)(
z
1 + z2
)j j∑
k=0
(
j
k
)
J0
[
(j − 2 k)
(
2
√
A+A−
f
)]
 (22)
Using the correspondence with the non-relativistic Gross-Pita¨evskii approach [32], as defined
by the expansion in eq. (3),
2
√
A+A−
f
=
√
2
m
√
ψ∗(r)ψ(r)
f
=
√
2 ζ
∣∣∣F ( r
R
) ∣∣∣, (23)
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we can obtain the self-interaction potential in terms of the rescaled wavefunction F (ξ), as defined
in eq. (8). The range of ξ is either finite and then we can choose ξmax = 1, or it is infinite, in
which case we choose F (ξ) = O(ξ−2), as ξ →∞.
3.1 Integral Representation
Our aim in this section is to perform the summations over j and k in eq. (22) at the price of
introducing integrals, since the latter is easier to estimate. Using the ansatz of eq. (8), the
rescaled self-interaction energy, defined in eq. (11), is
vC =4pi
ρ6
n2 δ2
∫
dξ ξ2
1 + z
z
√
1 + z2
∞∑
j=0
(1
2
j
)(
z
1 + z2
)j
×
j∑
k=0
(
j
k
){
1− J0
[
(j − 2k)
√
2 ζ F (ξ)
]
− (j − 2k)
2 ζ2
2
F (ξ)2
}
, (24)
so that the expression in the energy functional evaluates to
ESI(ρ)
mN
= −n δ
ρ3
vC
= −1 + z
z
√
1 + z2
∞∑
j=0
(1
2
j
)(
z
1 + z2
)j
×
j∑
k=0
(
j
k
)
4pi
ζ2C2
∫ ∞
0
dξ ξ2
{
1− J0
[
(j − 2 k)
√
2 ζ F (ξ)
]
− (j − 2 k)2 ζ
2
2
F (ξ)2
}
(25)
First, we will perform the summation over k by using the standard integral representation
J0[(j − 2 k)u] = 1
pi
∫ pi
0
ei (j−2k)u sin tdt (26)
for J0. Substituting (26) into (25) we can perform the summation over k, yielding
ESI
mN
= −1 + z
z
√
1 + z2
∞∑
j=0
(1
2
j
)(
2 z
1 + z2
)j
× 4pi
ζ2 C2
∫ ∞
0
[
1− 1
pi
∫ pi
0
[cos(
√
2 ζ F (ξ) sin t)]j dt− j ζ2F (ξ)
2
2
]
ξ2 dξ. (27)
Now the summation over j can also be performed, to yield the following expression for the
energy functional
ESI
mN
= − 4pi
ζ2C2
∫ ∞
0
I[
√
2 ζ F (ξ)] ξ2 dξ +
1
2
, (28)
where
I(u) =
1 + z
z pi
∫ pi
0
[
1 + z −
√
1 + z2 + 2 z cos(u sin t)
]
dt. (29)
It is easy to see that the integrand is bounded for all u and for all t ∈ {0, pi}, and that it is
monotonic, being minimized at z → 0. But the z → 0 limit of I(u) is nothing but the rescaled
instanton potential
lim
z→0
I(u) = 1− J0(u). (30)
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The boundedness of the instanton potential therefore implies the boundedness of the chiral
potential. It thus suffices to show that the instanton self-interaction potential is bounded from
below. We showed exactly this in the Appendix of [32], but only for the Gaussian ansatz. For
completeness, we prove the general case in the next section.
4 Boundedness of the Energy
In [32], the proof that the axion star energy had a dense global minimum depended on the
boundedness of the axion self-interaction potential, which we were able to show in the specific
case of a Gaussian wavefunction. This proof can be generalized to any wavefunction which falls
into one of two categories: For F (ξ) defined in eq. (8), either (a) ξ has a finite range, such that
F (ξ) = 0 at ξ ≥ 1 (i.e. the axion star has compact support on radius R), or (b) ξ has an infinite
range but F (ξ)→ 0 as ξ →∞.2 We also assume that F (ξ) is monotonically decreasing, though
even that condition could be relaxed. This could be relevant, for example, for rotating axion
stars, whose wavefunctions have nodes at the origin.
In this section we prove, under general conditions on the ansatz, that the self-interaction
term in the axion star energy is bounded, and the kinetic energy term 1 / ρ2 is dominant as
ρ→ 0.
The general form of ansa¨tze for the wave function, which we and other authors use is of the
form in eq. (8). As shown in eq. (10), such an ansatz leads to the following equation for the
self-interaction energy
ESI(ρ)
mN
= −δ n
ρ3
vI = − 4pi
ζ2C2
∫
dξ ξ2
{
1− J0[
√
2ζ F (ξ)]− ζ
2
2
F (ξ)2
}
, (31)
The ρ→ 0 limit of the self-energy is given by the ζ →∞ limit, as seen in eq. (9). The the
integral
K =
1
ζ2
∫
dξ ξ2
{
1− J0[
√
2ζ F (ξ)]− ζ
2
2
F (ξ)2
}
. (32)
The last term of K
− 1
ζ2
∫
dξ ξ2
ζ2
2
F (ξ)2 = −C2
8pi
(33)
is always finite, since we must have3
C2 = 4pi
∫ ∞
0
dξ ξ2 F (ξ)2 <∞, (34)
convergent for a normalizable wavefunction. Consequently, we can restrict ourselves to investi-
gate the ζ →∞ behavior of the remainder of the integral
K ′ =
1
ζ2
∫
dξ ξ2
{
1− J0[
√
2 ζ F (ξ)]
}
. (35)
The multiplier 1− J0[
√
2 ζ F (ξ)] of the integrand of K is positive, and bounded by its value
taken at
√
2 ζ F (ξ) = j1,1 = 3.83171, where j1,1 is the first zero of J1(x). Then we have the
2To our knowledge, all relevant ansa¨tze used by other authors fall into one of these categories as well.
3For example, in [32], we had C2 = pi
3/2, evaluated using the Gaussian ansatz.
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inequality
1− J0[
√
2 ζ F (ξ)] ≤ B ≡ 1− J0(j1,1) = 1.40276. (36)
Let us consider ansa¨tze in the first class (a). In that case, using the bound B in eq. (36),
we have
K ′ =
1
ζ2
∫ 1
0
dξ ξ2
{
1− J0[
√
2 ζ F (ξ)]
}
≤ 1
ζ2
∫ 1
0
dξ ξ2B =
B
3 ζ2
∼ ρ3. (37)
Clearly, K ′ → 0 as ρ→ 0.
Now consider ansa¨tze in class (b). We break up integral K ′ of eq. (35) such that in K ′1 the
region of integration is 0 ≤ ξ ≤ ξ1 while in K ′2 it is ξ > ξ1. We fix ξ1, such that
√
2 ζ F (ξ1) = ν,
where ν ≪ 1, a constant. Then using again the bound in eq. (36), we certainly have
K ′1 ≤
ξ1
3B
3 ζ2
. (38)
Then it is easy to see that there is an a > 0 such that
F (ξ) <
a
ξ3/2
. (39)
Taken at ξ = ξ1, eq. (39) can be inverted as
ξ1
3 <
a2
F (ξ1)2
=
a2 ζ2
ν2
. (40)
Substituting ξ1 into eq. (38) we obtain that K
′
1 < a
2B / 3 ν2, i.e. it has a finite limit as ζ →∞.
Now consider integral
K ′2 =
1
ζ2
∫ ∞
ξ1
dξ ξ2
{
1− J0[
√
2 ζ F (ξ)]
}
. (41)
As
√
2 ζ F (ξ1) = ν ≪ 1 and as F (ξ) is monotonically decreasing as a function of ξ, the argument
of the Bessel function in eq. (41),
√
2 ζ F (ξ)≪ 1 at all ξ. Then we can safely expand the Bessel
function and keep terms only up to the second order, to get
K ′2 ≃
1
ζ2
∫ ∞
ξ1
dξ ξ2
ζ2
2
F (ξ)2 <
C2
8pi
, (42)
bounded. ThenK ′ = K1+K2 is also bounded. We conclude that, for any generic, monotonically
decreasing ansatz for the axion star wavefunction, the instanton potential self-energy is bounded
below. Because the chiral potential, as a function of z, is bounded below by the instanton
potential, we conclude that the chiral potential is also bounded.
5 Conclusions
In this work, we have extended the analysis of [32] to two important cases, namely, to the
more precise chiral potential for axions, and to a generic ansatz for the wavefunction in the
variational method. In both of these cases, we have found that the general conclusions of [32]
hold: collapsing axion stars do not form black holes, but rather they are stabilized in a dense
state which is a global minimum of the axion star energy.
7
The analysis in this work, and the majority of [32], are performed in the non-relativistic
limit; we have neglected relativistic effects which lead to stimulated emission of axions through
number changing operators [30, 33, 34, 43, 44]. The possibility exists that these dense states are
unstable to emission of relativistic axions; we will return to this topic in a future publication.
Acknowledgements
We thank P. Argyres, P. Fox, R. Gass, R. Harnik, A. Kagan, and M. Ma for conversations.
The work of J.E. was supported by the U.S. Department of Energy, Office of Science, Office
of Workforce Development for Teachers and Scientists, Office of Science Graduate Student
Research (SCGSR) program. The SCGSR program is administered by the Oak Ridge Institute
for Science and Education for the DOE under contract number de-sc0014664.
References
[1] I. I. Tkachev, “Coherent scalar field oscillations forming compact astrophysical objects.”
Sov. Astron. Lett. 12 (1986) 305 [Pisma Astron. Zh. 12 (1986) 726].
[2] E. W. Kolb and I. I. Tkachev, ”Axion miniclusters and Bose stars.” Phys. Rev. Lett. 71
(1993) 3051-3054
[3] C.J. Hogan and M.J. Rees, “Axion Miniclusters.” Phys. Lett. B 205 (1988) 228-230
[4] J. Barranco and A. Bernal, ”Self-gravitating system made of axions.” Phys. Rev. D 83
(2011) 043525. arXiv:1001.1769
[5] Pierre-Henri Chavanis, “Mass-radius relation of Newtonian self-gravitating Bose-Einstein
condensates with short-range interactions: I. Analytical results.” Phys. Rev. D 84 (2011)
043531. arXiv:1103.2050
[6] R. D. Peccei and H. R. Quinn, ”CP Conservation in the Presence of Pseudoparticles.”
Phys. Rev. Lett. 38 (1977) 1440.
[7] R. D. Peccei and H. R. Quinn, ”Constraints imposed by CP conservation in the presence
of pseudoparticles.” Phys. Rev. D 16 (1977) 1791.
[8] S. Weinberg, ”A New Light Boson?” Phys. Rev. Lett. 40 (4) (1978) 223.
[9] F. Wilczek, ”Problem of Strong P and T Invariance in the Presence of Instantons.” Phys.
Rev. Lett. 40 (5) (1978) 279.
[10] M. Dine, W. Fischler, and M. Srednicki, ”A Simple Solution of the Strong CP Problem
with a Harmless Axion.” Phys. Lett. B 104 (1981) 199;
[11] A.P. Zhitnitsky, ”On Possible Suppression of Axion Hadron Interactions.“ Yad. Fiz. 31
(1980) 497 [Sov. J. Nucl. Phys. 31 (1980) 260].
8
[12] J.E. Kim, ”Weak Interaction Singlet and Strong CP invariance.” Phys. Rev. Lett. 43
(1979) 103.
[13] M.A. Shifman, A.I. Vainshtein, and V.I. Zakharov, ”Can Confinement Ensure Natural
CP Invariance of Strong Interactions?” Nucl. Phys. B 166 (1980) 493.
[14] J. Eby, P. Suranyi, C. Vaz, and L.C.R. Wijewardhana, ”Axion Stars in the Infrared Limit.”
JHEP 1503 (2015) 080. arXiv:1412.3430
[15] A. H. Guth, M. P. Hertzberg and C. Prescod-Weinstein, “Do Dark Matter Axions
Form a Condensate with Long-Range Correlation?” Phys. Rev. D 92 (2015) 103513.
arXiv:1412.5930
[16] E. Braaten, A. Mohapatra, and H. Zhang, “Dense Axion Stars.” Phys. Rev. Lett. 117
(2016) 121801. arXiv:1512.00108
[17] M. Y. Khlopov, B. A. Malomed, and Y. B. Zeldovich, ”Gravitational Instability of Scalar
Field and Primordial Black Holes.“ Mon. Not. Roy. Astr. Soc., V. 215, PP.575-589 (1985).
[18] Z. G. Berezhiani, A. S. Sakharov, and M. Yu. Khlopov, ”Primordial background of cos-
mological axions.“ Yadernaya Fizika (1992) V. 55, PP. 1918-1933. [English translation:
Sov. J. Nucl. Phys. V.55, PP.1063-1071 (1992)]
[19] A. S. Sakharov and M. Y. Khlopov, ”The nonhomogeneity problem for the primordial
axion field.“ Yadernaya Fizika (1994) V. 57, PP. 514- 516. [English translation: Phys.
Atom. Nucl. V. 57, PP. 485-487 (1994)]
[20] A. S. Sakharov, D. D. Sokoloff, and M. Y. Khlopov, ”Large scale modulation of the
distribution of coherent oscillations of a primordial axion field in the Universe.“ Yadernaya
Fizika (1996) V. 59, PP. 1050-1055. [English translation: Phys. Atom. Nucl. V. 59, PP.
1005-1010 (1996)]
[21] M. Y. Khlopov, A. S. Sakharov, and D. D. Sokoloff, ”The nonlinear modulation of the
density distribution in standard axionic CDM and its cosmological impact.“ Nucl. Phys.
B (Proc. Suppl.) V. 72, 105-109 (1999).
[22] J. Preskill, M. B. Wise, and F. Wilczek, ”Cosmology of the Invisible Axion”. Phys. Lett.
B 120 (1983) 127-132.
[23] L.F. Abbott and P. Sikivie, ”A Cosmological Bound on the Invisible Axion.” Phys. Lett.
B 120 (1983) 133-136.
[24] S. Davidson and T. Schwetz, “Rotating drops of axion dark matter.“ Phys. Rev. D 93
(2016) 123509. arXiv: 1603.04249
[25] M. Dine, W. Fischler, ”The Not So Harmless Axion.” Phys. Lett. B120 (1983) 137-141.
[26] R. Holman, G. Lazarides and Q. Shafi, ”Axion and the dark matter of the Universe.”
Phys. Rev. D 27 (1983) 995.
9
[27] P. Sikivie, ”Axion Cosmology.” Lect. Notes Phys. 741 (2008) 19. arXiv: astro-ph/0610440
[28] Y. Bai, V. Barger, and J. Berger, “Hydrogen Axion Star Metallic Hydrogen Bound to a
QCD Axion BEC.” JHEP 2016 (2016) 127. arXiv: 1612.00438
[29] A. Riotto, I. Tkachev, ”What if Dark Matter is Bosonic and self-interacting.” Phys. Lett.
B 484 (2000) 177. arXiv: astro-ph/0003388
[30] J. Eby, P. Suranyi, and L.C.R. Wijewardhana, “The Lifetime of Axion Stars.” Mod. Phys.
Lett. A 31, 1650090 (2016). arXiv: 1512.01709
[31] Pierre-Henri Chavanis, “Collapse of a self-gravitating Bose-Einstein condensate with at-
tractive self-interaction.” Phys. Rev. D 94 (2016) 083007. arXiv: 1604.05904
[32] J. Eby, M. Leembruggen, P. Suranyi, and L.C.R. Wijewardhana, “Collapse of Axion
Stars.” JHEP 2016 (2016) 66. arXiv: 1608.06911
[33] D.G. Levkov, A.G. Panin, and I.I. Tkachev, “Relativistic Axions from Collapsing Bose
Stars.” Phys. Rev. Lett. 118 (2016) 011301. arXiv: 1609.03611
[34] T. Helfer, D.J.E. Marsh, K. Clough, M. Fairbairn, E.A. Lim, and R. Becerril, “Black Hole
Formation from Axion Stars.” KCL-PH-TH-2016-55. arXiv: 1609.04724
[35] E. Braaten, A. Mohapatra, and H. Zhang, “Nonrelativistic Effective Field Theory for
Axions.” Phys. Rev. D 94 (2016) 076004. arXiv: 1604.00669
[36] C. J. Pethick and H. Smith, “Bose-Einstein Condensation in Dilute Gases.” Cambridge
University Press, Cambridge (2004).
[37] V. M. Perez-Garcia, H. Michinel, J. I. Cirac, M. Lewenstein, and P. Zoller, Phys. Rev. A
56 (1997), 1424
[38] E. Witten, “Large N Chiral Dynamics.” Ann. Phys. (N.Y.) 128, 363 (1980).
[39] P. Di Vecchia and G. Veneziano, “Chiral Dynamics in the Large n Limit.“ Nucl. Phys. B
171 (1980) 253.
[40] G. G. di Cortona, E. Hardy, J. P. Vega, and G. Villadoro, “The QCD Axion, Precisely.”
JHEP 01 (2016) 034. arXiv: 1511.02867
[41] P. H. Chavanis and L. Delfini, “Mass-radius relation of Newtonian self-gravitating Bose-
Einstein condensates with short-range interactions. II. Numerical results.“ Phys. Rev. D
84 (2011) 043532. arXiv: 1103.2054
[42] Y. Nambu and M. Sasaki, “Quantum Treatment of Cosmological Axion Perturbations.”
Phys. Rev. D 42 (1990) 3918
[43] E. Braaten, A. Mohapatra, and H. Zhang, “Emission of Photons and Relativistic Axions
from Axion Stars.” arXiv: 1609.05182
10
[44] K. Mukaida, M. Takimoto, and M. Yamada, “On Longevity of I-ball/Oscillon.” IPMU16-
0197. arXiv: 1612.07750
11
